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ERDOS-RENYI RANDOM GRAPHS

The Erdds-Rényi random graph G(n, p) is the graph on the vertices
V =[n:={1,2,---,n}
and the edge connecting i/ and j is independently added with probability p:

P({i,j} is an edge) = p
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G(n, p) gives a simple model of a random graph.

Probabilistic method: G(n, p) can be used to prove the existence of
certain combinatorial objects without a direct construction.

Almost equivalent to the study of certain model in epidemiology. The
edges represent disease transmission in the Reed-Frost model.
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Basic properties of G(n, p):
e Total number of edges is Bin((35), p), E[#total edges] ~ %
e Expect (n— 1)p other vertices to share an edge with each vertex j.
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We expect each vertex to have & np neighbors.
What happens when p = p(n) = 7

Theorem 1 (Erd6s & Rényi [ERG0]).

Gn = G(n,c/n) for some constant ¢ € (0,00). As n — oco:

@ c > 1: the largest component of G, is of order n, the second largest

component of G, is of order log n;
@ c < 1: the largest component of G, is of order log n;

o ¢ = 1: the largest two components of G, are both order n?/
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CRITICALITY OF G(n,p)

We expect each vertex to have & np neighbors.

What happens when p = p(n) = 7

Theorem 1 (Erd6s & Rényi [ERG0]).

Gn = G(n,c/n) for some constant ¢ € (0,00). As n — oco:

@ c > 1: the largest component of G, is of order n, the second largest
component of G, is of order log n;

@ c < 1: the largest component of G, is of order log n;

o ¢ = 1: the largest two components of G, are both order n?/3

Something interesting happens at p = 1/n.
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CRITICAL WINDOW

What happens near p(n) = 1?

~n
More formally: What happens when
_1%e(n)
N n

p(n) where e(n) — 0 as n — co?
Too many results to summarize for general £, windows.

We'll focus on is

1+ An~1/3

=nt+ )\n_4/3, AeR.
n

p



WHY n1+ \n?4/32

Theorem 2 (Bollobas ’84, Luczak, Pittel, Wierman ’94).

Q@ Bollobds [Bol84]: If p = n—t 4+ n~(4) for v € (0,1/3) then o(n?/3)
vertices appear in components that aren't trees or uni-cycles (graphs
with 1 cycle).




WHY n1+ \n?4/32

Theorem 2 (Bollobas ’84, Luczak, Pittel, Wierman ’94).

Q@ Bollobds [Bol84]: If p = n—t 4+ n~(4) for v € (0,1/3) then o(n?/3)
vertices appear in components that aren't trees or uni-cycles (graphs
with 1 cycle).

Q t-P-W [EPW94]: If p = n~' + An—*/3 then all components in G(n, p)
have at most &, surplus edges added, and &, is bounded in probability
as n — oo. )

Surplus edges: #edges — #vertices 4+ 1, the number of edges you have to
remove from a graph in order to form a tree.
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Aldous gets breadth-first walk, (Xn(k); k =0,1,---).



Aldous gets breadth-first walk, (Xn(k); k =0,1,---).
The increments satisfy:

Xn(k) — Xn(k — 1) = # (vertices discovered by vertex k) — 1.



Vertex

H ©O© 0O ~NO 1~ WN =

Discovered Vertices

2,3, 4
5 6
None
7,8

9
None
10
None
None
None



Vertex

H O 0O ~NO 1 WN B+

Discovered Vertices

2,3, 4
5 6
None
7,8

9
None
10
None
None
None



Vertex Discovered Vertices
2,3, 4
5 6
None
7,8
9
None
10
None
None

0 None

H O 0O ~NO 1 WN B+

The excursion starts at zero, and ends at -1.









The edges {4,6} (in red) and {4,5} (not drawn) are allowable surplus
edges, but {4,9} (in blue) is not.
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The edges {4,6} (in red) and {4,5} (not drawn) are allowable surplus
edges, but {4,9} (in blue) is not.

The total number of allowable surplus edges is roughly the area under the
excursion on the left.
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PROPERTIES OF X,(k):

@ Component sizes are T,(j) — T,(j — 1) where
Ta(j) = min{k : Xa(k) = —j}

@ The number of surplus edges (red edges before) in a component is
approximately

~ Bin (An(j), p)
An(j) = area under the j™ excursion

Spencer [Spe97] has a wonderful (and short!) paper on why you
should expect to see the area term A,(j).



PROPERTIES OF X,(k):
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SCALING LIMITS

Recall p = 1/n then the two largest components are order n?/3.
Size of components are T,(j + 1) — T,(j) are order n?/3.

FIGURE: Brownian scaling: Simulations of n=/3X,(|n?/3t|) for
A €{0,1,2,3,4,5} and n = 700.



SCALING LIMITS

Recall p = 1/n then the two largest components are order n?/3.
Size of components are T,(j 4+ 1) — T,(j) are order n?/3.
Brownian scaling is ¢~ Y/2W/(ct).

Theorem 3 (Aldous ’97 [Ald97]).

As n — oo .
n3X,(1n?3¢t]) L W(t) + At — i

as processes, and W a standard Brownian motion.
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SCALING LimMiTs: COMPONENTS

Cn(1), Cn(2), - - - components of G(n, p) with

HCo(1) > #Ca(2) > -

Each of these components is encoded by an excursion like process:
(Xn,i(k); k > 0) encodes Cp(1i).

Theorem 4 (It’s complicated, [Ald97, ABBG12, CG20]).

As n— oo

(m X))t 2 0) L (ei()it > )

i>1

where e; are excursions of W(t) + At — 3t2 above its running minimum
re-ordered by length.
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SCALING LIMITS: SURPLUS

For the it largest component, the surplus edges are

Bin (A,,(i), nt )\n_4/3)

~ Bin <n/e,-(s) ds,n !+ )\n_4/3> ~ Poisson (/ ei(s) ds>
Theorem 5 (Aldous [Ald97]).

As n — oo, the largest componets rescale as:

#Cn())

n2/3

d -
— (j := life-time of ;.

The number of surplus edges of the corresponding component

surplus(Cp(j)) %, Poisson (/OQ ei(s) ds)




SUBSEQUENT WORK

Aldous gave a process-level scaling limit for a function which encodes the
information of the random graph.



SUBSEQUENT WORK

Aldous gave a process-level scaling limit for a function which encodes the
information of the random graph.

Theorem 6 (Addario-Berry, Broutin, Goldschmidt

[ABBG12)).

There exists sequence of random metric spaces (M ;i > 1) such that

(n_1/3C,,(i); P> 1) 5 My > 1)




WHAT ARE THE METRIC SPACES?



WHAT ARE THE METRIC SPACES?

N



WHAT ARE THE METRIC SPACES?

N




WHAT ARE THE METRIC SPACES?




WHAT ARE THE METRIC SPACES?




WHAT ARE THE METRIC SPACES?




WHAT ARE THE METRIC SPACES?




AN EPIDEMIC MODEL

Population of m + k people.



AN EPIDEMIC MODEL

Population of m + k people.
On day zero k people are infected with a disease, and m people are healthy.



AN EPIDEMIC MODEL

Population of m + k people.
On day zero k people are infected with a disease, and m people are healthy.

Infected person infects healthy person with probability p on that day, and
are forever cured after that day.



AN EPIDEMIC MODEL

Population of m + k people.

On day zero k people are infected with a disease, and m people are healthy.
Infected person infects healthy person with probability p on that day, and
are forever cured after that day.

Then
Bin(m, q) are infected by the next day where

g=(1- p)k = probability of not being infected by the k infected people.
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This leads to the following Markov chain:

Z,(0) =k,  GCy(0) =k

Zo(h+1) = #infected people the next day with Z,(h)
! ~infected people and n — C,(h) healthy people

h
Calh) = 5 Z4())

Jj=0



This leads to the following Markov chain:

Z,0)=k,  Cy(0)=k

Zo(h+1) = #infected people the next day with Z,(h)
! ~ infected people and n — C,(h) healthy people

h
Cn(h) = Z Zn(j)
Jj=0

Theorem 7 (C. [Cla20]).

When p = n=* + An=*/3 and kn='/3 — x as n — oo then

<n_1/3Zn(Ln1/3tJ), n_2/3C,,(Ln1/3tJ)> i} (Z(t), C(t))

where (Z, C) solves

Z(t) = x+X*o C(t), C(t):/tZ(s)ds, XA(t):W(t)+>\t—%t2.
0

v
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SUBSEQUENT WORKS

Generalization of Erdds-Rényi random graph: Rank-1 inhomogeneous
model.
Graph on n vertices with edges included

P({i,j} is an edge) = 1 — exp (—qw;w;) ,

where wy > wy > -+ > w, > 0 and some g € [0, ).
Weights are a propensity to have neighbors.



SUBSEQUENT WORKS

Theorem 8 (Aldous, Limic [AL98], Broutin ,Duquesne,

Wang [BDW20]).

Under some assumptions (some technical, some natural) the rank-1
inhomogeneous model:

Q@ A-L [AL98] a breadth-first walk has a rescaling limit:

oW(t) + At — 10— t2 -|-Z (cjl(EjSt) = cj?t) ,

for a Brownian motion W and some exponential random variables E;
with E[Ej] = 1/¢;.

@ B-D-W [BDW20]. The components of the model have scaling metric
space limits.
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SUBSEQUENT WORKS

A different way to construct random graphs: graphs from degree
sequences.

Have n vertices where each vertex has degree d; > 1 with ZJ'-’ZI d; is even.
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FIGURE: From [vdH17].
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variables, there is a phase transition (like for Erd6s-Rényi random
graphs) where a giant component emerges.




SUBSEQUENT WORKS

Theorem 9 (Vaguely stated below [MR95, MR98],
[Jos14], [CG20]).

@ Molloy, Reed [MR95, MR98|: when the degrees are i.i.d. random
variables, there is a phase transition (like for Erd6s-Rényi random
graphs) where a giant component emerges.

@ Joseph [Jos14]: For D; i.i.d. with power law distribution, there is an
encoding walk with scaling limit as

1
a-stable analog of  W(t) — Etz.




SUBSEQUENT WORKS

Theorem 9 (Vaguely stated below [MR95, MR98],
[Jos14], [CG20]).

@ Molloy, Reed [MR95, MR98|: when the degrees are i.i.d. random
variables, there is a phase transition (like for Erdés-Rényi random
graphs) where a giant component emerges.

@ Joseph [Jos14]: For D; i.i.d. with power law distribution, there is an
encoding walk with scaling limit as

1

a-stable analog of  W(t) — Etz.

@ Conchon-Kerjan, Goldschmidt [CG20]: There exists metric space
scaling limits which are the a-stable versions of the “Brownian

graphs” in the Erdés-Rényi case.
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